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The temporal linear instability of a coaxial jet with two immiscible Newtonian liquids in both the axial and
radial electric fields is studied. The outer liquid is supposed to be a leaky dielectric and the inner liquid a
perfect dielectric. The eigenvalue problem for both axisymmetric instability and helical instability is formu-
lated and solved using the spectral method. Different from axisymmetric instability, for helical instability there
is only one unstable mode, i.e., the helical mode, located in the long wave region. The axial electric field is
found to have a strong stabilization effect on both the axisymmetric and helical modes, and the radial electric
field has a great destabilization effect on them. The competition between the axisymmetric and helical insta-
bility under the action of the axial and radial electric fields is calculated. The boundary curve separating the
stabilization and destabilization regions of the parasinuous mode, the neutral stability curve of the helical
mode, and the boundary curve between the dominant regions of the axisymmetric and helical instability are
plotted on the Q0-Eu plane and �-Eu plane, respectively �Q0 is the dimensionless surface charge density; Eu is
the electrical Euler number representing the characteristic tangential electrostatic force; and �=Q0

2Eu is the
dimensionless parameter representing the characteristic normal electrostatic force�. In general, when surface
charge density is small, the helical mode is stable, and the parasinuous mode is dominant; however, when
surface charge density is sufficiently large, the helical mode is destabilized and becomes dominant in jet
instability. Liquid viscosity influences the predominance of the helical mode significantly. Although liquid
viscosity decreases the growth rates of both the axisymmetric and helical modes, it suppresses the axisymmet-
ric instability much more than the helical instability, and therefore favors the realization of the helical insta-
bility in experiments.
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I. INTRODUCTION

The research on instability of an electrified liquid jet is of
both theoretical and practical interest. The early research is
mainly focused on the linear instability behavior of jets in an
electric field. The basic velocity profile of jets is assumed to
be uniform and the liquid is considered to be perfectly con-
ducting. In such a case free charge is located on the jet sur-
face with zero electrical shear force. The earliest research
ascends to Rayleigh’s work �1�. He found that electric field
may stabilize disturbances of long wavelength in the case of
axisymmetric instability, but destabilize disturbances of short
wavelength. Zeleny �2� later examined the instability of an
electrified liquid surface. Taylor �3–6� studied the instability
of an inviscid jet in electric field both theoretically and ex-
perimentally. He also calculated the growth rates of the vari-
cose mode and kink mode under the approximation of small
perturbation. Melcher �7� studied the effect of free charge on
the instability of a conducting inviscid liquid jet. He pointed
out that in a moderate electric field the axisymmetric mode is
the least stable. Saville �8,9� established a theoretical model
of a viscous liquid jet in a tangential electric field, taking into
account the effect of the electrical relaxation time. He found
that under the action of the electric field and liquid viscosity,
the least stable mode is the varicose mode in the long wave
region. Moreover, the tangential electric field suppresses the
growth of disturbances, and enlarges the intact length of jets.
Huebner and Chu �10� analyzed the instability of electrified

jets in the limit of zero viscosity. They found that the least
stable wavelength decreases as charge increases. When
charge density is sufficiently large, transition of the least
stable mode occurs, from axisymmetric to nonaxisymmetric.

In the past decade, the instability of electrified liquid jets
has been excessively studied. Artana et al. �11� and Baudry
et al. �12� analyzed the instability of an electrified inviscid
liquid jet at high velocity. They discussed the effects of the
electric field, jet velocity, liquid properties, and ambient air
on the temporal growth rate of unstable waves. Son and
Ohba �13� compared theoretically and experimentally the
axisymmetric and nonaxisymmetric instability of an inviscid
liquid jet in an electric field of needle-plane configuration.
González et al. �14� and González et al. �15� investigated the
effect of a radial ac electric field on the instability of a con-
ducting viscous liquid jet and found that the parametric reso-
nance between the natural dc frequency and imposed ac fre-
quency may lead to the destabilization of the jet in the stable
region, which is considered to be a possible way to produce
droplets of small size. Using the Taylor-Melcher leaky di-
electric model �16,17�, López-Herrera et al. �18� analyzed
the axisymmetric instability of a viscous liquid jet of low
conductivity in a radial electric field. They found that the
relative electrical relaxation time and relative electrical per-
mittivity have a significant effect on the growth rate and least
stable wavelength. Turnbull �19,20� studied the axisymmet-
ric instability of a viscous liquid jet under the action of both
axial and radial electric fields, where the liquid was assumed
to be either perfectly dielectric or leaky dielectric. Mestel
�21,22� analyzed the instability of a charged liquid jet in an
axial electric field. He derived the dispersion relation under
the low viscosity and high viscosity approximations, respec-*xzyin@ustc.edu.cn
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tively. Several limit cases were discussed there.
As to nonlinear instability analysis, to date most research

has been focused on the weakly nonlinear instability behav-
iors of electrified liquid jets. Setiawan and Heister �23� ex-
tended the work of Huebner and Chu �10� to the nonlinear
domain. They investigated the axisymmetric breakup of an
inviscid conducting liquid jet in a high electric field. El-
hefnawy et al. �24� performed the nonlinear instability analy-
sis of a conducting jet in an axial electric field, and El-
hefnawy et al. �25� analyzed the nonlinear instability of a
conducting cylinder in a radial electric field. Elcoot �26,27�
extended the work of Elhefnawy et al. �24,25� to the leaky
dielectric case. In addition, Elcoot �28� extended the nonlin-
ear instability analysis to the viscous case, considering the
effect of liquid viscosity on the normal force balance at the
interface.

As observed in experiments �13,29�, electrified jets may
undergo different modes when destabilized, either breaking
into droplets or behaving like a whip without breaking. More
attractively, when a coaxial jet with one liquid coated with
the other is subjected to electric field, it produces microcap-
sules or ultrathin composite fibers �30–33�. The former is
known as coaxial electrospraying, and the latter as coaxial
electrospinning. In the coaxial electrospraying process, axi-
symmetric disturbances dominate the instability of the jet
and the jet breaks up into compound droplets ultimately
�30,31�. Differently, in the coaxial electrospinning process,
the helical instability becomes dominant, and the coaxial jet
bends in the three-dimensional space without breakup
�32,33�. These different behaviors of jets are closely associ-
ated with the instability mechanism of coaxial jets in an elec-
tric field, which has been rarely studied.

The authors performed the instability analysis of an elec-
trified coaxial liquid jet. The effects of the radial and axial
electric fields on the unstable modes of an inviscid coaxial
jet were studied �34–36�. In a recent paper �37�, the authors
investigated the axisymmetric instability of a viscous coaxial
jet in a radial electric field, where the outer driving liquid
was assumed to be a leaky dielectric. In order to obtain ana-
lytical dispersion relations, the basic velocity profile was
simplified there. In the present paper we establish a more
complex model, extending the work of �37�. An exact non-
uniform basic velocity profile derived from the steady
Navier-Stokes equations is used, and therefore an analytical
dispersion relation is beyond reach. The eigenvalues in the
temporal linear analysis are calculated using the spectral
method. Besides the axial electric field, surface charge is
imposed on the outer air-liquid interface to provide a radial
electric field. Besides the axisymmetric instability �the azi-
muthal wave number n=0�, the helical instability �n=1� is
studied. The competition between the axisymmetric and he-
lical instability is carried out. The effect of liquid viscosity
on the predominance of the helical mode is also studied. It is
evident that the model used in the present paper is more
rational and complicated than that in �37�.

The paper is organized as follows. In Sec. II, the theoret-
ical model is described and the eigenvalue problem is formu-
lated in detail. In Sec. III, the unstable modes are calculated
numerically. The effects of the axial and radial electric fields
on the jet instability and the comparisons between the axi-

symmetric and helical modes are discussed. In Sec. IV, main
conclusions are drawn.

II. THEORETICAL MODEL

We propose a theoretical model similar to that developed
in �21,22�. The difference lies in that a two-liquid coaxial jet
case is considered instead of a single-liquid jet in the present
model. As shown in Fig. 1�a�, an infinitely long coaxial cy-
lindrical jet consists of two immiscible viscous Newtonian
liquids, surrounded by air. The inner and outer liquids have
constant radii R1 and R2, respectively. It is assumed that the
hydrodynamic effects of the air and gravity are negligible.
The outer liquid is supposed to be a leaky dielectric with
finite electrical conductivity; the inner liquid and air are per-
fectly dielectrics. The liquids and air are subjected to a uni-
form axial electric field E0. Besides the axial electric field,
free charge of density q0 is imposed on the outer air-liquid
interface, providing a radial electric field of magnitude
q0R2 /�3r in the air, where �3 is the permittivity of the air and
r is the axial coordinate in the cylindrical coordinate system
�r ,� ,z�. Therefore in the unperturbed state the basic electric
field in the dimensionless form is

E1 = �0,0,1� ,

E2 = �0,0,1� ,

FIG. 1. �a� Schematic of the theoretical model. The radii of
liquid 1 and liquid 2 are R1 and R2, respectively. The system is
subjected to an axial electric field of magnitude E0. Besides, there is
free charge of density q0 on the interface between liquid 2 and air.
�b� The parasinuous mode, �c� the paravaricose mode, and �d� the
helical mode.
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E3 = �Q0

r
,0,1� ,

where the subscripts 1, 2, and 3 denote the inner liquid, the
outer liquid, and the air, respectively. Here R2, E0, and �3E0
are chosen as the characteristic length, electric field intensity,
and free charge density, respectively. The dimensionless sur-
face charge density Q0=q0 /�3E0.

Suppose the basic flow is steady and axisymmetric. The
basic velocity has only the component in the axial direction,
i.e., Uz�r�. Under the influence of the axial electric field and
surface free charge, the basic velocity profile satisfying the
steady momentum equations and boundary conditions are
�21,37�

U1z = 1 +
Q0EuRe

2
�a2 − 1� +

Q0EuRe

2�r
�r2 − a2� ,

U2z = 1 +
Q0EuRe

2
�r2 − 1� ,

where the dynamic viscosity, velocity, and pressure are
scaled by �2, U2out �the velocity at the outer air-liquid inter-
face, U2out=U2z�R2��, and �2U2out

2 , respectively. The radius
ratio a=R1 /R2, the viscosity ratio �r=�1 /�2, the Reynolds
number Re=�2U2outR2 /�2, and the electrical Euler number
Eu=�3E0

2 /�2U2out
2 .

Figure 2 illustrates the effect of the dimensionless surface
charge density Q0 on the basic velocity profile Uz�r�. As
shown in the figure, the inner and outer liquids of the coaxial
jet have the same velocity when surface charge vanishes
�Q0=0�. As Q0 increases, the basic velocity profile becomes
nonuniform. This is because surface charge and axial electric
field produce electrical shear force at the outer air-liquid in-
terface, which, together with liquid viscosity, induces the
nonuniformity of velocity in the liquids.

The dimensionless linearized equations governing the
flow are

� · um = 0, �1�

�um

�t
+ um · �Um + Um · �um = − �1

S
�m1 + �m2� � pm

+ ��r

S
�m1 + �m2� 1

Re
�2um,

�2�

for m=1,2, where u and p are the perturbations of the ve-
locity and pressure, respectively, the density ratio S=�1 /�2,
and � is the Kronecker function.

At the symmetric axis r=0, the axisymmetric instability
case n=0 and the helical instability case n=1 have different
boundary conditions, i.e.,

u1r =
�u1z

�r
=

�p1

�r
= 0 for n = 0, �3�

u1z = p1 = 0, u1r +
�u1�

��
= 0, 2

�u1r

�r
+

�2u1�

�r��
= 0 for n

= 1, �4�

where ur, u�, and uz are the velocity components in the r, �,
and z directions, respectively. At the inner liquid-liquid inter-
face r=a+�1 and outer air-liquid interface r=1+�2, the ki-
nematic boundary conditions and the continuity of the veloc-
ity should be satisfied, i.e.,

umr = � �

�t
+ Umz

�

�z
��1, m = 1,2, �5�

u1z +
dU1z

dr
�1 = u2z +

dU2z

dr
�1, �6�

u2r = � �

�t
+ U2z

�

�z
��2, �7�

u1� = u2�, �8�

where � j, j=1,2, is the displacement of the interface from its
equilibrium position Rj. The subscripts 1 and 2 denote the
inner liquid-liquid and outer air-liquid interfaces, respec-
tively. The dynamic boundary conditions are

�u2r

�z
+

�u2z

�r
+

d2U2z

dr2 �1 − �r� �u1r

�z
+

�u1z

�r
+

d2U1z

dr2 �1� = 0,

�9�

�u2r

r��
+

�u2�

�r
−

u2�

r
− �r� �u1r

r��
+

�u1�

�r
−

u1�

r
� = 0, �10�

p1 −
2�r

Re

�u1r

�r
− p2 +

2

Re

�u2r

�r
+

Eu

2
��r1E1z

2 − �r2E2z
2 �

=
	

We
� · n1, �11�

FIG. 2. Effect of the dimensionless surface charge density Q0 on
the basic velocity profile Uz�r�. Eu=0.15, Re=10, a=0.8, and �r

=1.
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1

Re
� �u2r

�z
+

�u2z

�r
+

d2U2z

dr2 �2� + �r2EuE2r − EuE3r − Q0EuE3z

− n2zEu�1 − Q0
2 − �r2� = 0, �12�

1

Re
� �u2r

r��
+

�u2�

�r
−

u2�

r
� − Q0EuE3� + Q0

2Eun2� = 0, �13�

p2 −
2

Re

�u2r

�r
+

1

2
Eu�E3r

2 − E3z
2 + �r2E2z

2 � =
1

We
� · n2,

�14�

where n j, j=1,2 is the normal unit vector on the interface, E
is the electric field component, the Weber number We
=�2U2out

2 R2 /
2, and the surface tension ratio 	=
1 /
2.
As to electric field, the electrical potential perturbation �m

satisfies the Laplace equation:

�2�m = 0, m = 1,2,3. �15�

The electric field intensity Em=−��m. At the symmetric axis
r=0 and infinity r→�, the electric field should be finite, i.e.,

E1  �, E3  � . �16�

At the inner and outer interfaces, the continuity of the tan-
gential electric field and the Gauss law should be satisfied,
i.e.,

n j � �E� = 0, j = 1,2, �17�

n1 � ��r2E2 − �r1E1� = 0, �18�

n2 · �E3 − �r2E2� = qs, �19�

where the symbol �·� denotes the jump of a quantity across
the interface, the electrical permittivity ratios �r1=�1 /�3,
�r2=�2 /�3, and qs is the perturbation of the surface charge
density at the outer interface, satisfying the surface charge
conservation equation �16,17�

�qs

�t
+ U2z

�qs

�z
− Q0n2 · �n2 · ��u2 − ��r2E2 · n2 = 0,

�20�

with the relative electrical relaxation time �=R2�2 /U2out�2.
In the temporal instability analysis, any infinitesimal dis-

turbance can be decomposed into the form of a Fourier ex-
ponential, i.e.,

��r,�,z,t� = �̂�r�e�t+i�kz+n��,

where � is the complex eigenfrequency, the real and imagi-
nary parts of which are the temporal growth rate and fre-
quency, respectively, k is the axial wave number �real�, n is
the azimuthal wave number �integer�, and i is the imaginary
unit. Note that the electromechanical coupling occurs only at
the outer interface. We solve the electric field individually
and only keep the surface charge density q̂s as the unknown
quantity. Some details are given in Appendix A. Substituting
the decomposition into Eqs. �1�–�20�, we obtain the follow-
ing ordinary differential equations and boundary conditions:

dûmr

dr
+

ûmr

r
+

i�n1

r
û1� + ikûmz = 0, �21�

�ûmr = − �1

S
�m1 + �m2�dp̂m

dr
+

1

Re
��r

S
�m1 + �m2�� d2

dr2 +
1

r

d

dr

− �k2 +
1 + �n1

r2 + ikReUmz� S

�r
�m1 + �m2�	
ûmr

−
2i�n1

r2Re
��r

S
�m1 + �m2�ûm�, �22�

�ûmz = −
dUmz

dr
ûmr − ik�1

S
�m1 + �m2�p̂m +

1

Re
��r

S
�m1 + �m2�

� � d2

dr2 +
1

r

d

dr
− �k2 +

�n1

r2 + ikReUmz� S

�r
�m1

+ �m2�	
ûmz, �23�

�ûm� = −
i

r
�1

S
�m1 + �m2�p̂m +

1

Re
��r

S
�m1 + �m2�� d2

dr2 +
1

r

d

dr

− �k2 +
2

r2 + ikReUmz� S

�r
�m1 + �m2�	
ûm�

+
2i

r2Re
��r

S
�m1 + �m2�ûmr; �24�

at the symmetric axis,

û1r =
dû1z

dr
=

dp̂1

dr
= 0 for n = 0, �25�

û1z = p̂1 = 0, û1r + iû1� = 0, 2
dû1r

dr
+ i

dû1�

dr
= 0 for n = 1;

�26�

at the inner interface r=a+�1,

��̂1 = û1r − ikU1z�̂1, û1r = û2r, û1� = û2�, �27�

û1z − û2z + �dU1z

dr
−

dU2z

dr
��̂1 = 0, �28�

ikû2r +
dû2z

dr
− �r�ikû1r +

dû1z

dr
� + �d2U2z

dr2 − �r
d2U1z

dr2 ��̂1 = 0,

�29�

i

a
û2r +

dû2�

dr
−

û2�

a
− �r� i

a
û1r +

dû1�

dr
−

û1�

a
� = 0, �30�
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p̂1 −
2�r

Re

dû1r

dr
− p̂2 +

2

Re

dû2r

dr
+ q̂s · ik2Eu��r2 − �r1�

��D3�1 + D6�0� + �̂1�ik2Eu��r2 − �r1��D4�1 + D7�0�

+
	

Wea
2 ��n0 − �ak�2�� + �̂2 · ik2Eu��r2 − �r1��D5�1

+ D8�0� = 0; �31�

at the outer interface r=1+�2,

��̂2 = û2r − ikU2z�̂2, �32�

ikû2r +
dû2z

dr
+ q̂s · ReEu�ikQ0D3 − 1� + �̂1 · ikQ0ReEuD4

+ �̂2�d2U2z

dr2 + ikQ0ReEuD5� = 0, �33�

iû2r +
dû2�

dr
− û2� + iQ0ReEu�q̂sD3 + �̂1D4 + �̂2D5� = 0,

�34�

p̂2 −
2

Re

dû2r

dr
+ q̂s · Eu�Q0�1 − k�r2D6� + ikD3�1 − �r2��

+ �̂1 · Eu�− k�r2Q0D7 + ikD4�1 − �r2��

+ �̂2�Eu�ikQ0�2 − �r2� − k�r2Q0D8 + ikD5�1 − �r2��

+
�n0 − k2

We
� = 0, �35�

q̂s�� + ik + k��r2D6� − Q0
dû2r

dr
+ �̂1 · k��r2D7

+ �̂2�ikQ0
dU2z

dr
+ k��r2�D8 + i�� = 0, �36�

where the expressions of the symbols �1, �2, and D1–D8 are
given in Appendix B. Equations �21�–�36� provide all the
equations the numerical procedure needs. The eigenfunctions
include û1r, û1z, p̂1, û2r, û2z, p̂2, �̂1, �̂2, and q̂s for both the
axisymmetric and helical cases, and additional û1�, û2� for
the helical case.

III. NUMERICAL RESULTS

Because of the consideration of viscosity and nonuniform
basic velocity profile, it is impossible to obtain an analytical
dispersion relation as implemented in �21,22,34–37�. So we
use the Chebyshev spectral collocation method to solve the
eigenvalue problem numerically. For the inner liquid, the
number of the collocation points is commonly 10–15; for the
outer liquid, the number is 5–10. A MATLAB code is devel-
oped to solve the corresponding generalized eigenvalue
problem. The code has been verified by the result in �37�
before calculation.

As is well-known, for the axisymmetric instability n=0
there are two unstable modes in the Rayleigh regime
�34–37�. Different from a planar liquid jet, for a cylindrical
coaxial jet having two interfaces the phase difference of the
inner and outer interface disturbances is not exactly 0° �the
sinuous mode� or 180° �the varicose mode�. Therefore the
one with a phase difference close to 0° is called parasinuous
mode �as shown in Fig. 1�b��, and the other with a phase
difference close to 180° is called paravaricose mode �Fig.
1�c�� �38,39�. For the helical instability n=1, the calculation
result indicates that there is only one unstable mode. As
shown in Fig. 1�d�, the inner and outer interfaces are per-
turbed almost in the same phase, and the central line is
modulated with cross section keeping constant. We call it the
helical mode. In the numerical part we investigate the effects
of the axial and radial electric fields on these unstable modes.

For convenience of calculation and comparison, we take
water and sunflower oil as the outer and inner liquids �2�,
respectively. Suppose a reference state. The reference dimen-
sionless parameters are S=0.84, a=0.8, �r=43, Re=10, We
=10, 	=0.23, �r1=3.4, �r2=80, and �=1. In the calculation
the dimensionless parameters are fixed to the reference val-
ues except when clarified otherwise.

A. Effect of the axial and radial electric fields

The consideration of both the axial and radial electric
fields makes the problem complex. The electrical Euler num-
ber Eu represents the effect of the axial electric field. As Eu
increases, the axial electric field becomes stronger. On the
other hand, Eu together with the dimensionless surface
charge density Q0 represents the effect of the surface charge
�i.e., the radial electric field�. As Eu and Q0 increase, the
radial electric field is amplified. For convenience, we inves-
tigate their effects through changing the electrical Euler
number at low and high surface charge densities, respec-
tively.

When the surface charge density is sufficiently low, the
helical mode has negative growth rate and hence is stable.
However, the axisymmetric modes may possess positive
growth rate, indicating that the axisymmetric modes are un-
stable. Figures 3�a� and 3�b� illustrate the growth rates of the
paravaricose mode and parasinuous mode, respectively,
where the surface charge density is kept null. In the absence
of surface charge, the radial electric field vanishes. Conse-
quently the coaxial jet is purely under the influence of an
axial electric field. In the figure it is clear that the axial
electric field has a stabilizing effect on both the paravaricose
mode and parasinuous mode. Particularly, the paravaricose
mode is remarkably suppressed and becomes stable even
when the electric field is small. The phenomenon is accor-
dant with the instability of an inviscid coaxial jet in the axial
electric field �36�. In such a case, the parasinuous mode is the
most unstable, and therefore dominates in jet instability. This
result agrees well with coaxial electrospraying experiments
�31�.

When the surface charge density is sufficiently high, the
radial electric field has a more profound effect on jet insta-
bility than the axial electric field. In such a case, the helical
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mode becomes unstable and probably dominates jet instabil-
ity instead of the axisymmetric modes. Figures 4�a� and 4�c�
illustrate the growth rates of the parasinuous mode and heli-
cal mode, respectively, as electric field varies. The dimen-
sionless surface charge density is kept at 100. As shown in
Fig. 4�a�, the radial electric field has a twofold effect on the
growth rate of the parasinuous mode. When the wave num-
ber exceeds a critical value �the critical wave number kc
�0.6, which is not affected by electric field� the parasinuous
mode is destabilized by the radial electric field. However, in
the long wave region where the wave number is smaller than
the critical value the parasinuous mode is stabilized. For
more details see Fig. 4�b�. The twofold effect of radial elec-
tric field on the axisymmetric instability was also found in
the study of an inviscid coaxial jet �35� and a viscous coaxial
jet in the absence of an axial electric field �37�. It turns out to
be the inherent characteristic of the radial electric field. On
the other hand, the radial electric field has a significant de-
stabilization effect on the helical mode, as shown in Fig.
4�c�. Comparing Fig. 4�c� with Fig. 4�a�, it is clear that the
growth rate of the helical mode is much higher than that of
the parasinuous mode, indicating that the helical mode is the
most unstable. The result predicts that in a sufficiently strong
radial electric field the helical mode may be predominant in
the process of jet breakup. That is, strong radial electric field
favors the realization of coaxial electrospinning in experi-
ments.

To illuminate the effect of the axial and radial electric
fields further, we investigate the characteristics of the
parasinuous and helical modes, respectively, on the param-

eter planes. For the parasinuous mode, we compare its maxi-
mum growth rates at different values of Q0 and Eu with that
at zero electric field and obtain the boundary curve separat-
ing the stabilization and destabilization regions on the Q0-Eu
plane, as plotted in Fig. 5�a�. In the region marked with
“destabilize,” the combined axial and radial electric field has
a destabilization effect on the parasinuous mode. However,
in the region marked with “stabilize,” the electric field stabi-
lizes the mode. It is clear that when the surface charge den-
sity is sufficiently large the radial electric field is much more
profound. Therefore the mode is destabilized even when Eu
is considerably small. On the other hand, if the surface
charge is sufficiently small, the axial electric field is domi-
nant, and therefore the parasinuous mode is stabilized at any
value of Eu.

In the present model the electrical Euler number Eu rep-
resents the relative magnitude of the tangential electrostatic

FIG. 3. Influence of the electrical Euler number Eu on the
growth rate �r of �a� the paravaricose mode and �b� the parasinuous
mode at zero surface charge density. Q0=0.

FIG. 4. Influence of the electrical Euler number Eu on the
growth rate �r of �a� the parasinuous mode and �c� the helical mode
at high surface charge density. Q0=100. �b� The growth rate of the
parasinuous mode in the long wavelength region �corresponding to
�a��.
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force and the inertial force. On the other hand, the relative
magnitude of the normal electrostatic force and the inertial
force can be represented by a combined dimensionless pa-
rameter, i.e., �=q0

2 /�3�2U2out
2 =Q0

2Eu. These two parameters
are well representative of the axial and radial electric fields,
respectively, in this theoretical model. We replotted the
boundary curve in Fig. 5�a� on the �-Eu plane in order to
better understand the relation between the axial and radial
electric fields in jet instability. Figure 5�b� illustrates the cor-
responding boundary curve on the �-Eu plane. Obviously,
the boundary curve between the stabilization and destabili-
zation regions is nearly linear. Using the least-squares
method, the curve is fitted as Eu=0.002 33�−0.000 438 ap-
proximately. Note that the value of � is much larger than
that of Eu. That is, we need much stronger radial electric
field to destabilize the parasinuous mode when axial electric
field is imposed. Note also that the value of Eu itself is con-
siderably small. It implies that the parasinuous mode is very
sensitive to axial electric field. Considering that the present
theoretical model is too complicated, we propose a simple
model to evaluate the effect of the axial and radial electric
fields on the jet instability in the following.

Consider a single-liquid jet with a charged inviscid liquid
of infinite conductivity subjected to a uniform axial electric
field. Suppose the basic velocity profile of the jet is uniform.
When the jet is perturbed by an infinitesimal three-
dimensional disturbance, a temporal linear instability analy-
sis gives the dispersion relation in the dimensional form as
follows �34,36�:

��� + ikU�2 −

k

R2

In��kR�
In�kR�

�1 − n2 − �kR�2�

+
q0

2k

�3R

In��kR�
In�kR�

�1 + kR
Kn��kR�
Kn�kR�

�
+ k2E0

2�� − �3� − ik2q0E0
Kn��kR�
Kn�kR�

= 0, �37�

where �, U, 
, R, and � are the density of liquid, the velocity
of jet, the surface tension coefficient, the jet radius, and the
electrical permittivity of liquid, respectively. � and k are the
dimensional complex eigenfrequency and axial wave num-
ber. The other parameters are the same with that in the
present paper. There are five terms in the dispersion relation
�37�. They represent the effects of the inertia, surface ten-
sion, surface charge �i.e., radial electric field�, axial electric
field, and coupling of the surface charge and axial electric
field, respectively. The balance of the third and fourth terms
gives a simple ratio of the characteristic tangential electro-
static force and normal electrostatic force, i.e.,

�3
2E0

2

q0
2 �

1

k��r − 1�
In��k�
In�k�

�1 + k
Kn��k�
Kn�k�

� , �38�

where k is the dimensionless wave number scaled by 1 /R,
and �r=� /�3. Apparently, the relative magnitude of the char-
acteristic tangential and normal electrostatic forces is deter-
mined by the dimensionless wave number and the relative
permittivity of liquid. Suppose �r=80, k=1. For the axisym-
metric instability n=0, the ratio in Eq. �38� is −0.0024,
where the negative sign indicates that the axial and radial
electric fields have the opposite effect on jet instability. The
calculation result shows that in the long wave region where
the wave number k is of the order of unit, the ratio in Eq.
�38� is always a small number, indicating that the character-
istic tangential electrostatic force is much smaller than the
characteristic normal electrostatic force. This explains why
the dimensionless parameter Eu is small compared to the
combined dimensionless parameter � as found in Fig. 5�b�.
On the other hand, the balance of the first term with the
fourth term in Eq. �37� gives the ratio of the tangential elec-
trostatic force to inertial force, i.e.,

�3E0
2

�U2 �
�� + ik�2

��r − 1�
, �39�

where � and k are the dimensionless eigenfrequency and
wave number scaled by U /R and 1 /R, respectively. For typi-
cal values �r=80, k=1, and �r=0.01, the above ratio is
1.25�10−6 approximately. Apparently, the characteristic tan-
gential electrostatic force is considerably small compared
with the inertial force. This explains why Eu is so small in
Figs. 4 and 5.

For the helical mode, the neutral stability curve on the
Q0-Eu plane and �-Eu plane are plotted in Figs. 6�a� and
6�b�, respectively. In the region marked with “unstable,” the
helical mode is unstable under the influence of the axial and
radial electric fields. However, in the region marked with
“stable,” the mode is stable. As shown in Fig. 6�a�, as surface

FIG. 5. �a� Boundary curve on the Q0-Eu plane for the parasinu-
ous mode, and �b� corresponding boundary curve on the �-Eu

plane. Q0: the dimensionless surface charge density; Eu: the electri-
cal Euler number; and �=Q0

2Eu: the combined dimensionless
parameter.
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charge density increases, the mode is easier to destabilize.
However, when surface charge density is sufficiently small,
the mode is stable no matter how large Eu is. On the �-Eu
plane the neutral stability curve is approximately a vertical
straight line with �=0.0456, regardless of the value of Eu.
�The spreading of data at random may be caused by calcula-
tion error.� As the electric field increases, the helical instabil-
ity first occurs in the long wave region where k→0, and in
this limit the fourth term is infinitely small compared with
the third term in the dispersion relation �37�. Therefore the
neutral stability curve is not affected by the axial electric
field. Note that Eu is much smaller than �. Here we also use
the simple single-liquid jet model to estimate the relative
magnitude of the characteristic normal and tangential elec-
trostatics forces. Let n=1, Eq. �38� results in

�3
2E0

2

q0
2 �

1

k��r − 1�
K0�k�
K1�k�

�1 − k
I0�k�
I1�k�

� . �40�

For typical values �r=80, k=1, we have �3
2E0

2 /q0
2�−0.0110.

Apparently, the tangential electrostatic force is a small quan-
tity relative to the normal electrostatic force, as shown in
Fig. 6�b�. Moreover, it can be testified that the characteristic
tangential electrostatic force is much smaller than the inertial
force. It indicates that the electrical Euler number Eu is a
small number. Although the growth rate of the helical mode
is greatly affected by the axial electric field, the neutral sta-
bility curve seems to be insensitive to the axial electric field.
In addition, the calculation result shows that the helical

mode, instead of the parasinuous mode, dominates the jet
instability quickly as long as it becomes unstable. Therefore
the neutral curve in Fig. 6 can also be regarded as the bound-
ary curve between the helical instability dominant region and
axisymmetric instability dominant region.

B. Case of small liquid viscosity

In the above section, it is found that the boundary curve
between the axisymmetric and helical dominant regions is
close to the neutral stability curve of the helical mode. We
owe this phenomenon to the high viscosity of the inner liq-
uid. In the reference state, the inner liquid is supposed to be
sunflower oil with high viscosity, so the viscosity ratio of the
inner and outer liquids �r=43. In this section a small viscos-
ity case is considered �suppose �r=1�. In this small viscosity
case, we calculate the growth rate of the unstable modes at
low and high surface charge densities, respectively.

Figures 7�a� and 7�b� illustrate the growth rates of the
paravaricose mode and parasinuous mode, respectively,
where the dimensionless surface charge density Q0=0. Com-
pared with Fig. 3, in such a low viscosity case the modes
have much larger growth rate, indicating that the viscosity
has a stabilizing effect on jet instability. The stabilization
effect of viscosity is obviously due to energy dissipation
caused by it. The parasinuous mode is still dominant. The
helical mode is stable owing to the absence of surface
charge. Figures 8�a� and 8�b� illustrate the growth rates of
the parasinuous mode and helical mode, respectively, at a

FIG. 6. �a� Neutral stability curve on the Q0-Eu plane for the
helical mode, and �b� corresponding neutral stability curve on the
�-Eu plane. Q0: the dimensionless surface charge density; Eu: the
electrical Euler number; and �=Q0

2Eu: the combined dimensionless
parameter.

FIG. 7. Influence of the electrical Euler number Eu on the
growth rate �r of �a� the paravaricose mode and �b� the parasinuous
mode at zero surface charge density and low liquid viscosity.
�r=1.
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high surface charge density Q0=100. Compared with Fig. 4,
both the parasinuous mode and helical mode become more
unstable, particularly the parasinuous one. Accordingly, the
viscosity depresses the helical instability as well as the axi-
symmetric instability �37�. Comparing the growth rates of
these two modes as shown in Fig. 8, it is clear that they are
close. That is, in such a low viscosity case, the helical mode
is dominant no more.

In the small viscosity case the neutral stability curve of
the helical mode on the Q0-Eu plane and �-Eu plane are
plotted in Figs. 9�a� and 9�b�, respectively �solid curves�.
Compared with Fig. 6�a� the neutral stability curve moves
toward the left and down on the Q0-Eu plane. The unstable
region of the helical mode is enlarged. On the �-Eu plane the
neutral stability curve of the helical mode is still a vertical
straight line as shown in Fig. 6�b�, but the value of � is
0.0298, which is smaller than that in the case of high viscos-
ity. Accordingly in the relatively low viscosity case the heli-
cal mode is easier to be destabilized by surface charge.

In addition, the boundary curve between the axisymmetric
and helical dominant regions on the Q0-Eu plane and �-Eu
plane are plotted in Figs. 9�a� and 9�b�, respectively �dashed
curves�. Compared with Fig. 6�a� it is clear that the boundary
curve moves toward the right upper corner. The helical domi-
nant region is shrunk. That is, in the small viscosity case the
helical mode requires a larger axial electric field and surface
charge to become dominant. On the �-Eu plane shown in
Fig. 9�b�, the boundary curve between the axisymmetric and

helical instability dominant regions is linear, which is fitted
as Eu=0.003 84–0.0298� approximately. Comparing the
boundary curves in Figs. 6 and 9, it is concluded that higher
viscosity favors the predominance of the helical mode and
helps the realization of coaxial electrospinning in experi-
ments. In single-liquid electrospinning experiments �40,41�,
it was found that higher liquid viscosity and higher surface
charge density helps the helical instability dominate in the
process of jet breakup. Our result accords well with the ex-
perimental results; but why high viscosity dampens the axi-
symmetric instability more than the helical instability re-
mains unknown. The physical mechanism with quantitative
estimates needs to be uncovered in the future.

IV. CONCLUSION

A theoretical model of a charged viscous coaxial jet in an
axial electric field is developed in the present paper. The
outer liquid is considered as a leaky dielectric and the inner
liquid a perfect dielectric. The eigenvalue problem is formu-
lated and solved numerically. The temporal linear instability
analysis is performed. The competition between the axisym-
metric instability and helical instability is studied.

It is found that for the helical instability there exists one
unstable mode in the long wavelength region, called the he-
lical mode. The axial electric field and surface charge have
great effects on the helical mode as well as on the axisym-
metric modes, the former stabilizing the modes and the latter

FIG. 8. Influence of the electrical Euler number Eu on the
growth rate �r of �a� the parasinuous mode and �b� the helical mode
at high surface charge density and low liquid viscosity. Q0=100 and
�r=1.

FIG. 9. �a� Neutral stability curve for the helical mode �solid�
and boundary curve between the axisymmetric instability �n=0�
and helical instability �n=1� dominant regions �dashed� on the
Q0-Eu plane, and �b� corresponding curves on the �-Eu plane. �r

=1. Q0: the dimensionless surface charge density; Eu: the electrical
Euler number; and �=Q0

2Eu: the combined dimensionless
parameter.
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destabilizing the modes. When the surface charge density is
sufficiently small, the helical mode is stable and the
parasinuous mode is dominant in jet instability. However,
when the surface charge density is sufficiently large, the he-
lical mode becomes unstable and dominates in jet instability
as the electric field is enhanced. Liquid viscosity is found to
have a vital effect on the predominance of the helical mode.
Although at relatively small viscosity the helical mode be-
comes unstable easily, at relatively large viscosity it is easier
to observe the helical instability in experiments.
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APPENDIX A: ELECTRIC FIELD PERTURBATIONS

It is obvious that the characteristic function of the electri-

cal potential perturbation, �̂m�r�, satisfies the modified
Bessel equation of order n,

d2�̂m

dr2 +
1

r

d�̂m

dr
− �k2 +

n

r2��̂m = 0, n = 0,1.

The solutions are

�̂1 = A1In�kr� ,

�̂2 = A2In�kr� + A3Kn�kr� ,

�̂3 = A4Kn�kr� ,

where In�kr�, Kn�kr� are the nth-order modified Bessel func-
tions of the first and second kinds, respectively, A1–A4 are
coefficients to be determined by boundary conditions. Sub-
stituting them into the boundary conditions �17�–�20� and
keeping the linear terms, we obtain

A4Kn�k� = A2In�k� + A3Kn�k� + Q0�̂2, �A1�

A1In�ka� = A2In�ka� + A3Kn�ka� , �A2�

�r1A1In��ka� = �r2�A2In��ka� + A3Kn��ka�� − i�̂1��r1 − �r2� ,

�A3�

q̂s = − �̂2�Q0 + ik�1 − �r2�� − kA4Kn��k�

+ k�r2�A2In��k� + A3Kn��k�� , �A4�

�� + ik�q̂s − Q0
dû2r

dr
+ ikQ0�̂2

dU2z

dr

+ k��r2�A2In��k� + A3Kn��k� + i�̂2� = 0, �A5�

where the prime denotes the derivative of the corresponding
Bessel functions with respect to the argument. The coeffi-
cients A1–A4 are expressed as the functions of �̂1, �̂2, and q̂s
by solving Eqs. �A1�–�A4�. Then substituting them into the
dynamic boundary conditions �11�–�14� and the surface
charge conservation equation �A5�, we obtain Eqs. �31� and
�33�–�36�.

APPENDIX B: EXPRESSIONS OF THE SYMBOLS

�0 = In�ka�Kn�k� − Kn�ka�In�k�, �1 = − In�ka�Kn��k�

+ Kn�ka�In��k� ,

D1 = − Kn��k��1 −
�r2

�r1
� + In��k��Kn�ka�

In�ka�
−

�r2

�r1

Kn��ka�
In��ka�

� ,

D2 = Kn�k��1 −
�r2

�r1
� − In�k��Kn�ka�

In�ka�
−

�r2

�r1

Kn��ka�
In��ka�

� ,

D3 = −
1

k

D2

D2
Kn��k�
Kn�k�

+ D1�r2

, D4 = −
1

k

i�r2��r1 − �r2�
�r1In��ka�

D2
Kn��k�
Kn�k�

+ D1�r2

,

D5 = −
1

k

D2�Q0�1 +
kKn��k�
Kn�k�

� + ik�1 − �r2�	
D2

Kn��k�
Kn�k�

+ D1�r2

,

D6 =
1

k

D1

D2
Kn��k�
Kn�k�

+ D1�r2

,

D7 = −
1

k

Kn��k�
Kn�k�

i��r1 − �r2�
�r1In��ka�

D2
Kn��k�
Kn�k�

+ D1�r2

,

D8 =
1

k

D1�Q0�1 +
kKn��k�
Kn�k�

� + ik�1 − �r2�	
D2

Kn��k�
Kn�k�

+ D1�r2

.
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